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ABSTRACT
The approach of multi-stage fractured horizontal wells
(MFHWs) has been proven an efficient technology for
successful development of shale gas reservoirs. Together
with multiple gas flow mechanisms, the existence of
multiple hydraulic fractures further complicates the gas
flowing problem in shale gas reservoirs. Understanding
pressure transient dynamics of MFHWs in shale gas
reservoirs is of great importance to provide a perception
into long-term pressure dynamics forecast as well as to
estimate relevant reservoir and fracturing parameters.
This paper presents a comprehensive seepage model to
investigate the characteristics of pressure transient
responses of a horizontal well intercepted by multiple
finitely conductive hydraulic fractures in shale gas
reservoirs, incorporating desorption and diffusive flow in
shale matrix. Point source theory, Laplace transformation
and numerical discrete method are employed to solve the
mathematical model. Type curves are plotted by using
Stehfest inversion method. Characteristics of type curves
are analyzed, and flow regimes are identified. Finally, a
sensitivity analysis is conducted to screen influential
parameters to the dynamics of MFHWs in shale gas
reservoirs. Results from this work could provide insights
into the pressure transient dynamics of MFHWs during
shale gas production, reservoir parameters estimation and
fracturing parameters optimization.

INTRODUCTION
Shale gas reservoirs have been a growing source of
natural gas development worldwide. Typically, shale gas
reservoirs have extremely low matrix permeability and
clusters of natural fractures. As reported by Javadpour
(Javadpour, 2007) the permeability of shale is in the
micro- to nano- darcy range. Gas in shales is stored not
only as free gas but also as adsorbed gas, thus gas flow in
shales is believed to be a combined result of multiple
mechanisms, including desorption, diffusion and viscous
flow. These complicated storage and transport

mechanisms present challenges to the petroleum
industry.
Furthermore, the very low matrix permeability of shale
makes un-stimulated production of shale gas quite
difficult. MFHW has been proven an efficient technology
for successful development of shale gas. Together with
multiple gas flow mechanisms, the existence of multiple
hydraulic fractures further complicates the gas flowing
problem in shale gas reservoirs.
Several researchers have studied the performance of
MFHWs in unconventional reservoirs. Larsen and Hegre
(Larsen and Hegre 1991 and 1994) studied pressure
transient behavior in a horizontal well with transverse
fractures and provided a description of its pressuretransient flow regimes. Raghavan et al. (Raghavan et al.
1997) discussed the effects of number, location and
orientation of fractures on pressure transient responses in
conventional reservoirs. Kobaisi et al. (Kobaisi et al.
2006) proposed a hybrid numerical/analytical model to
represent the pressure transient response of a finiteconductivity fracture intercepted by a horizontal well.
Medeiros et al. (Medeiros et al. 2008) simulated the
effects of matrix permeability, fracture spacing and well
spacing on pressure and pressure derivative responses in
tight gas reservoirs.
Some work has also been done to incorporate the effect
of gas desorption in shale gas reservoirs. Freeman et al.
(Freeman et al. 2009) and Cheng (Cheng 2011)
employed a simulator to study the flow regimes for a
multiple-fractured horizontal well in shale gas reservoirs
and the effect of gas desorption was briefly discussed.
Imad et al. (Imad et al. 2011) presented a composite
model to model production from a multiple-fractured
horizontal well in shale gas reservoirs. They introduced a
desorption compressibility in the partial differential
equation to account for the desorbed gas. But the
diffusion mechanism in shale gas reservoir is not
considered. Wang (Wang 2014) presented a model for
MFHWs in shale gas reservoirs with consideration of
multiple mechanisms, but hydraulic fractures in his

model are assumed to have infinite conductivity, which is
not always true in practice.
This paper presents an improved multi-mechanism
model for a horizontal well intercepting by multiple
finite-conductivity hydraulic fractures in shale gas
reservoirs which takes into account of desorption and
diffusive flow in shale matrix. The model is solved in
Laplace domain by employing the source function
method and discretion method, and then numerically
inverted to the real time domain by using the Stehfest
(Stehfest 1970) algorithm. Type curves are plotted and
corresponding flow regimes are identified.

basic continuous line source solution in shale gas
reservoirs with impermeable top and bottom boundaries.

NOMENCLATURE

(1) Naturally fracture shale gas reservoirs are represented
by dual-porosity model. The matrix blocks are assumed
to be spherical and have uniform radius, R, in this study.
(2) Shale gas flow in natural fracture system is assumed
to be linear viscous flow, which can be described by
Darcy's law. Considering micro- to nano-Darcy matrix
permeability, viscous flow in shale matrix is considered
negligible, and gas flow in shale matrix is assumed to be
diffusive flow driven by concentration difference.
(3) The initial pressure throughout the reservoir is
uniform, which equals to pi.
(4) Isothermal flow and negligible gravity effect and
capillary force.
(5) Strength of the continuous line source is q̂(t ) .
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Figure 1: CONTINUOUS LINE SOURCE IN A SHALE
GAS RESERVOIR

Wellbore Storage Coefficient, Pa/m
Gas Compressibility, Pa-1
Diffusion Coefficient, m2/s
Reservoir Thickness, m
Permeability, m2
Half-length of Fracture, m
Number of Hydraulic Fractures
Pressure, Pa
Production Rate, m3/s
Radial Distance, m
Radius of Matrix Block, m
Fracture Conductivity, m3
Reservoir Temperature, K
Time, s
Laplace transformation parameter
Average Gas Concentration, sm3/m3
Equilibrium Concentration, sm3/m3
Langmuir Constant, sm3/m3
Space Coordinate, m
Space Coordinate, m

Desorption Index
Interporosity Flow Coefficient
Storativity Ratio
Gas Viscosity, Pa·s
Porosity, fraction
Pseudo-pressure, Pa/s

q̂(t )
O

3

Greek Symbols
α
=
λ
=
ω
=
μ
=
=
φ
=
ψ

Impermeabl
e

1.2 Mathematical model
With equation of continuity, equation of motion, equation
of state and the definitions of dimensionless variables
listed in Table 1, one can get the dimensionless partial
differential equation governing gas flow in natural
fracture system in shale gas reservoirs with impermeable
top and bottom boundaries as follows:

∂ 2ψ fD 1 ∂ψ fD
∂ψ fD
∂V
+
=ω
− (1 − ω ) D
2
rD ∂rD
∂t D
∂t D
∂rD

(1)

According to Fick’s first law, the dimensionless partial
differential equation describing pseudo-steady diffusive
flow in matrix is as follows:

∂VD
= λ [VED (ψ fD ) − VD ]
∂tD

(2)

Employing Langmuir isotherm and with the definition of
VED, one can obtain the following equation:

VED (ψ fD ) = VE − Vi =

1 Basic continuous line source solution in
shale gas reservoirs
1.1 Assumptions
Figure 1 is a schematic of a continuous line source
located in the center of an infinitely large shale gas
reservoir. Following assumption are made to obtain the

where α =

VLψ f
Vψ
− L i = −αψ fD
ψ L +ψ f ψ L +ψ i

VLψ L

psc qscT

(ψ L + ψ f )(ψ L + ψ i ) πkf hTsc

, representing

the effect of gas desorption in shale gas reservoirs.
With Eq.(3), Eq. (2) can be rewritten as:

2

(3)

∂VD
= λ [− αψ fD − VD ]
∂t D

2 Finite-conductivity multi-stage fractured
horizontal well model

(4)

2.1 Physical model and assumptions
Figure 2 is a schematic of a horizontal well intercepted
by multiple transverse hydraulic fractures in shale gas
reservoirs. To derive a practical mathematical model for
multi-stage fractured horizontal wells in shale gas
reservoirs, some simplifying assumptions are made.

The dimensionless forms of associated initial and
boundary conditions are given by:

ψ fD (rD , tD = 0) = 0

(5)

VD (rmD , t D = 0 ) = 0

(6)

 ∂ψ fD 

= −qˆ D (t D )
lim  rD
ξ → 0
∂rD  r =ξ
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2.2 Reservoir flow model
The lth hydraulic fracture can be considered as a surface
source of height, h, length, 2Lfl, and flux density
q~fl (xw , t ) . According to the theory of source function,
the dimensionless pseudo-pressure responses at point
(xD, yD) in the reservoir caused by the lth fracture can be
obtained by integrating the line source solution, Eq.(9),
from -Lfl to Lfl with respect to xw.

1.3 Basic line source solution
Using Laplace transformation and the theory of modified
Bessel's function, one can solve the above dimensionless
model and obtain the following basic line source
solution, in Laplace domain, for shale gas reservoirs:

ψ fD = qˆ D K 0  rD ωu + (1 − ω )u

(9)

y flD =

1
2

∫

LflD

− LflD

q~flD (x wD , u )K 0 


(xD − x )2 + ( yD − ylD )2

where the over-bar symbol indicates variables in the
Laplace domain, and rD =

y

(1) All fractures (a total of m) are assumed to penetrate
the formation completely and have finite conductivities,
and horizontal wellbore is infinitely conductive.
(2) Hydraulic fractures are symmetrical with respect to
the horizontal wellbore, but each hydraulic fracture can
have distinct properties. The lth hydraulic fracture has a
half-length of Lfl, a width of Wfl and a permeability of kfl.
(3) Fractures may be unequally spaced, and the distance
between the lth fracture and the (l+1)th fracture is △Ll.
(4) Shale gas flowing into the horizontal wellbore takes
place only through hydraulic fractures, and gas flow
across the tips of the fractures is negligible because the
fracture width is small compared with the fracture length.
(5) The well produces at a constant rate of qsc, but flow
rates from each hydraulic fracture are functions of time.
With these assumptions, separate mathematical models
are derived and solved for reservoir and hydraulic
fracture, respectively. The solutions are then coupled by
using the flux and pressure continuity conditions on the
surfaces of hydraulic fractures.

( x = r , x w , y w , x, y )

ω=

kfm

Figure 2: MULTI-STAGE FRACTURED
HORIZONTAL WELL IN SHALE GAS RESERVOIRS

(ψ i − ψ f )

πsc qscT
2 πk f h
kf t
( Λ = ff µ i cgfi +
)
tD =
2
qsc
LL

ξD =
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Table 1: DIMENSIONLESS VARIABLES

Dimensionless time

…

(8)

Eq.(1) and Eqs.(5)-(8) compose the dimensionless model
for a continuous line source in shale gas reservoirs.

Dimensionless pseudopressure

2

(7)

(xD − xwD )2 + ( yD − ywD )2 .

λα
where f (u ) = ωu + (1 − ω )u
.
u+λ

3

f (u ) dx


(10)

by the continuity constraint at the fracture plane of lth
fracture:

By applying the principle of superposition, the pressure
responses at point (xD, yD) in the reservoir caused by m
hydraulic fractures can be obtained as follows:
y fD
m

∑∫
l =1

(11)

q~flD (α , u )K 0 
− LflD

LflD

( xD − α )

2

+ ( y D − y lD )

2

=

f (u ) dα


kfl

Under these assumptions, Gas flow in the lth hydraulic
fracture can be described by the following equation in
terms of dimensionless pseudo-pressure:

xD = 0

l =1

0

∫ ∫ q~
0

0

(16)



v

flD dx D dv 



1
q~flD dxD =
u

(17)

uψ wD + S

(18)

u + u CD (uψ wD + S )
2

3 Pressure transient characteristics and flow
regimes

π
qlD
RflD

In this section, the dimensionless pseudo-pressure and
derivative responses for a horizontal well with multiple
finite-conductivity hydraulic fractures in shale gas
reservoir are calculated with the mathematical mode
proposed above. The effects of relevant parameters on
pressure dynamics are studied.

(13)
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VII
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IX
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(14)

x D = LflD

0.01

π
− ψ flD (xD , u ) =
RflD

IV

0.1

By using the method of Laplace transformation, one can
get the solution of Eq.(12) with boundary conditions
given by Eqs.(13)-(14) in Laplace domain as follows:

ψ wD

xD

f (u ) dα


(12)

ψ wD & ψ wD'

∂ψ flD
∂xD

=−

LflD

ψ wD =

where q~flD is a source term that represents the
dimensionless gas flow rate per unit of fracture length
from the reservoir to the lth hydraulic fracture.
The corresponding dimensionless boundary conditions of
the lth hydraulic fracture are given by:

∂ψ flD
∂xD

(x D − α )2 + (y lD − y gD )2

q~fgD (α , u ) K 0 


Eqs.(16) and (17) can be solved by discretizing hydraulic
fractures in space, and the bottom hole pressure
distribution as well as flux distribution for each fracture
can be obtained in Laplace domain. The solution can be
inverted back into real time domain using Stehfest
algorithm.
To develop a more practical solution, the effect of
wellbore storage and skin should be taken into account
by the following equation:

Wfl

for 0 < xD < LflD


 x D q lD −


m

∑∫

Lfl

∂ ψ flD
∂xD2

g =1

LfgD

− LfgD

successfully obtain the solution, one more equation is
needed. The assumption of constant flow rate gives the
following condition that must hold at any time.

Figure 3: lth FINITE-CONDUCTIVITY HYDRAULIC
FRACTURE

πq~
− flD = 0
RflD

π
RflD

m

∑∫

Eq.(16) is a Fredholm integral equation where the
unknowns are q~fgD (g=1, 2…, m) and ψ wD . In order to

2.3 Hydraulic fracture flow model
Considering the symmetry of hydraulic fractures, it is
sufficient to consider half of a hydraulic fracture as
shown in Figure 3. Gas flow within hydraulic fractures
can be considered as linear because the fracture width is
much smaller than fracture length and height. The
compressibility of hydraulic fractures can also be
neglected for practical purposes because the fracture
volume is very small compared to the whole reservoir.
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Figure 4: TYPE CURVES FOR A HORIZONTAL
WELL INTERCEPTED BY MULTIPLE FINITELY
CONDUCTIVE FRACTURES

(15)

Figure 4 shows the dimensionless pseudo pressure and
derivative responses for a horizontal well intercepted by
multiple finitely conductive hydraulic fractures in shale

2.4 Coupled hydraulic fracture-reservoir flow model
The solutions given above for the hydraulic fracture and
reservoir flow problems, Eqs.(11) and (15), are coupled

4

gas reservoirs. Nine possible flow regimes are
indentified based on the characteristics of type curves.
(I) Wellbore storage period. Gas flow during this period
is mainly dominated by wellbore storage effect. Both
dimensionless pseudo-pressure and derivative curves
align in a unit slope trend.
(II) Transition flow period, which is characterized by a
hump in the pseudo-pressure derivative curves. The
duration of this period is mainly affected by the
combination of dimensionless wellbore storage
coefficient and skin factor.
(III) Bilinear flow period, which is marked by onefourth-slope straight lines in both pseudo-pressure and
derivative curves. During this period, linear flow within
hydraulic fractures and liner flow in reservoir occur
simultaneously (Figure 5a). This flow period exists
before fracture tips have been felt.
(IV) First reservoir liner flow period, which is
characterized by half slope trends in both pressure and
derivative curves. During this flow period, linear flow
perpendicular to the fracture plane occurs in the reservoir
(Figure 5b). Interference between adjacent hydraulic
fractures have not been felt yet.
(V) First pseudo-radial flow period around each
hydraulic fracture (Figure 5c), which is marked by a
plateau of "1/2m" in the derivative curve. The existence
of this period depends primarily on the fracture length
and fracture spacing.
(VI) Second reservoir linear flow period, which is also
characterized by half slope trends in both pressure and
derivative curves. During this period, interferences
between adjacent hydraulic fractures have been felt, and
linear gas flow normal to horizontal wellbore exists in
the reservoirs (Figure 5d).
(VII) Second pseudo-radial flow period of natural
fracture systems, which is marked by a flat behavior of
the derivative curves. During this period, hydraulic
fractures appear to the reservoir as an expanded
wellbore, and gas in natural fracture systems in shale gas
reservoirs flows into the "expanded wellbore".
(VIII) Interporosity diffusive flow period, representing
gas diffusive flow between matrix system and natural
fracture system, which is characterized by an obvious dip
in the pressure derivative curves. The shape of the dip
and the duration of this period are mainly determined by
parameters related to desorption and diffusion processes.
(IX) Compound pseudo-radial flow period (Figure 5e),
which is characterized by a flat behavior of the derivative
responses.
Figure 6 shows the effect of dimensionless fracture
conductivity, RfD, on pseudo-pressure transient responses
of a horizontal well intercepted by multiple finitely
conductive hydraulic fractures in shale gas reservoirs. It
can be observed that dimensionless fracture conductivity
mainly affect early-time pressure responses. With the
increase of dimensionless fracture conductivity, the
duration of bilinear flow period decreases gradually.
When the dimensionless fracture conductivity is bigger
than some certain value, hydraulic fractures can be

treated as infinite conductive fractures, and this period
may not be observed on type curves. It should also be
pointed out that this period may also be covered by
early-time wellbore storage effect.

(a)

(b)

(c)

(d)

(e)
Figure 5: FLOW REGIMES
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Figure 6: EFFECT OF FRACTURE CONDUCTIVITY
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Figure 7: EFFECT OF DESORPTION
Figure 7 shows the effect of desorption index, α, on
pseudo-pressure transient responses of a horizontal well
intercepted by multiple finitely conductive hydraulic
fractures in shale gas reservoirs. As expected, desorption
mainly affect the shape of the characteristic dip in
pressure derivative curves. The larger the desorption

5

index, the deeper and wider the dip, representing less
pressure drop in shale gas reservoirs. This is because
larger value of desorption index means larger amount of
absorbed gas in shale matrix, thus more absorbed gas
will be released from the surface of organic materials
during production to compensate for the pressure drop in
natural fracture system.

storage period, (b) transition flow period, (c) bilinear
flow period, (d) first reservoir liner flow period, (e) first
pseudo-radial flow period around each hydraulic
fractures, (f) second reservoir linear flow period, (g)
second pseudo-radial flow period of natural fracture
systems, (h) interporosity diffusive flow period, and (i)
compound pseudo-radial flow period.
(2) Dimensionless fracture conductivity has primary
effect on early-time bilinear flow period, while both
fracture spacing and half-length of fracture mainly affect
intermediate-time pressure responses, i.e., the first
pseudo-radial flow period.
(3) The adsorption index has a primary effect on the
shape of dip in type curves. The dip becomes more
significant with larger value of desorption index.
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Figure 8: EFFECT OF FRACTURE SPACING
Figure 8 shows the effect of hydraulic fracture spacing,
△ L, on pseudo-pressure transient responses of a
horizontal well intercepted by multiple finitely
conductive hydraulic fractures in shale gas reservoirs.
Hydraulic fractures are assumed to be equally spaced and
have identical properties in this case. It can be seen that
fracture spacing mainly has effect on the duration of the
first pseudo-radial flow period around each hydraulic
fractures. The larger the fracture spacing, the longer the
first pseudo-radial flow period.
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Figure 9: EFFECT OF FRACTURE HALF-LENGTH
Figure 9 shows the effect of the half-length of hydraulic
fractures, Lf, on pseudo-pressure transient responses of a
horizontal well intercepted by multiple finitely
conductive hydraulic fractures in shale gas reservoirs. It
can be seen that different half-lengths of hydraulic
fractures lead to different duration of the first pseudoradial flow period. With the increase of half-length of
hydraulic fractures, the duration of the first pseudo-radial
flow period becomes shorter.

CONCLUSIONS
(1) The transient flow behavior of a fractured horizontal
well with multiple finitely conductive hydraulic fractures
may exhibit nine possible flow periods: (a) wellbore
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